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Abstract
We study the spectrum of the QCD Dirac operator by means of the valence quark
mass dependence of the chiral condensate in partially quenched Chiral Perturbation The-
ory (pqChPT) in the supersymmetric formulation of Bernard and Golterman. We consider
valence quark masses both in the ergodic domain (mv  Ec) and the diusive domain
(mv  Ec). These domains are separated by a mass scale Ec  F 2=0L2 (with F the
pion decay constant, 0 the chiral condensate and L the size of the box). In the ergodic
domain the eective super-Lagrangian reproduces the microscopic spectral density of chi-
ral Random Matrix Theory (chRMT). We obtain a natural explanation of Damgaard’s
relation between the spectral density and the nite volume partition function with two
additional flavors. We argue that in the ergodic domain the natural measure for the
super-unitary integration in the pqChPT partition function is noncompact. We nd that
the tail of the two-point spectral correlation function derived from pqChPT agrees with
the chRMT result in the ergodic domain. In the diusive domain we extend the results
for the slope of the Dirac spectrum rst obtained by Smilga and Stern. We nd that the
spectral density diverges logarithmically for nonzero topological susceptibility. We study
the transition between the ergodic and the diusive domain and identify a range where
chRMT and pqChPT coincide.
1. Introduction
Spontaneous breaking of chiral symmetry is believed to be an important property of
the strong interaction. In the limit of massless quarks the QCD Lagrangian is invariant
under UL(Nf)  UR(Nf) transformations, but the vacuum state is not. The analysis of
hadron spectra and numerical simulations [1, 2, 3] on the lattice strongly support this
assertion. The order parameter for spontaneous breaking of chiral symmetry is the chiral
condensate. In the chiral limit it is related to the spectral density of the QCD Dirac










Here, the k are the eigenvalues of the Euclidean QCD Dirac operator. They will be called
virtualities in this paper. In (1) the thermodynamic limit is taken before the chiral limit.
For broken chiral symmetry, the eigenvalues near zero are spaced as 1=(0) = =0V . In
order to study the behavior of the Dirac spectrum in the approach to the thermodynamic
limit it is therefore natural to introduce the microscopic variable [5]
u = V 0; (3)









In general, the average h  i in this equation is over the probability distribution of the
eigenvalues. It was conjectured in [5] that the microscopic spectral density is universal and
is given by chiral Random Matrix Theories (chRMT) with the global symmetries of the
QCD partition function. This conjecture has been veried both by instanton liquid [6] and
by lattice QCD [7, 8, 9, 10] simulations. It was also found from lattice QCD simulations
that eigenvalue correlations on the microscopic scale, both near zero virtuality and in the
bulk of the spectrum, are given by Random Matrix Theory [11, 12, 13, 9]. The foundation
for these observations was laid by universality studies [14, 15, 16, 17, 18, 19, 20, 21] in
which it was shown that the microscopic spectral density and other spectral correlations on
the scale of individual level spacings are not aected by macroscopic deformations of the
random matrix ensemble. The interpretation is that quarks undergo a chaotic/diusive
motion in four Euclidean dimensions and one articial time dimension. Such picture is
also suggested by the success of microcanonical lattice QCD simulations [22]. According
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to the Bohigas conjecture [23] the correlations of the eigenvalues on the microscopic scale
are then given by Random Matrix Theory. In [24] chiral symmetry breaking was also
related to transport properties of quarks in 4+1 dimensions.
Of course, the dynamics of QCD, which is not included in chRMT, should enter in
the Dirac spectrum. Therefore, we expect a scale above which the microscopic spectral
density and the spectral correlations are not given by chRMT anymore. The existence of
such scale is well known in the context of mesoscopic physics (see[25, 26, 27] for reviews).
It is known as the Thouless energy which is the inverse diusion time of an electron





where D is the diusion constant and L is the linear dimension of the box. In the case
of QCD, the diusion process is that of a quark propagating through the Yang-Mills
elds in a 4+1 dimensional space time. A second energy scale that enters in mesoscopic
physics is h=e, where e is the elastic diusion time. Based one these two scales three
dierent domains for the energy dierence, E, that enters in the two-point correlation
function, can be distinguished: the ergodic domain, the diusive domain or Altshuler-
Shklovskii domain and the ballistic domain. For energy dierences E  Ec eigenvalue
correlations are given by RMT. Since for time scales larger than the diusion time, an
initially localized wave packet explores the complete phase space, this regime is known
as the ergodic regime. In the diusive regime, dened by Ec  E  h=e only part
of the phase space is explored by an initially localized wave packet, resulting in the
disappearance of eigenvalue correlations. In this paper we don’t consider the ballistic
regime with E  h=e. For an interpretation of the Thouless energy in terms of the
spreading width we refer to [29, 30]. As was shown in [31, 32], the spectral two-point
function can be related to the semiclassical return probability which provides a simple
intuitive picture of its asymptotic behavior. For other recent studies on this topic we refer
to [33, 34, 35, 36, 37, 38, 39]. What has emerged from these studies is that there is a close
relation between eigenvalue correlations and localization properties of the wave functions.
The interpretation of spontaneous chiral symmetry breaking as a delocalization transition
was made earlier in [40]. By analogy with the Kubo formula, 0 plays the role of the
conductivity [40].
In QCD Dirac spectra the Thouless energy was identied as the scale where the pion
Compton wavelength is of the order of the linear size of the box [41, 42]. Using standard
relations based on the approximate chiral symmetry of the QCD partition function it has






where F is the pion decay constant. The existence of such a scale has been observed in
instanton liquid [41, 43] and lattice QCD [8, 9] simulations. One of the main goals of this
paper is to identify this scale by means of partially quenched chiral perturbation theory
[44, 45].
In this paper we will discuss four dierent partition functions: the Euclidean QCD
partition function, the nite volume partition function [46, 47], the chiral random matrix
theory partition function [5] and the partially quenched partition function [45]. Below, we
briefly dene the rst three partition functions whereas the last one is discussed extensively
in the remainder of this paper. At this point we only mention that pqChPT is an eective
mesonic theory describing the low-energy limit of QCD. In addition to the usual Nf sea
quarks, this theory has k (in this paper k = 1) valence quarks and an equal number of
bosonic ghost quarks with the same mass mv. Without a source term that breaks the
super-symmetry the valence sector drops out of the partition function. In other words,
the valence quark mass only appears in the operators.
The Euclidean QCD partition function with fundamental quarks is given by
ZQCD(M) =
Z
dA det( /D +M) e−SYM ; (7)
where M is the quark mass matrix, /D is the Euclidean Dirac operator and SYM is the
Yang-Mills action. The integral is over all gauge eld congurations A. The eigenvalues
of the Dirac operator are dened by
/D k = ik k: (8)
Notice that for k 6= 0 the eigenfunctions occur in pairs  k, γ5 k with opposite eigenvalues.
The quark mass dependence resides in the determinant.
For an Euclidean space-time volume with linear dimension in the range
1= L 1=m; (9)
( is a typical hadronic scale and m is the pion mass) the mass dependence of the QCD
partition function is given by the nite volume partition function. For Nf flavors, vacuum
angle  and mass matrix M it is dened by [46, 47]






The integral is over the Goldstone manifold associated with chiral symmetry breaking
from G to H. For three or more colors with fundamental fermions G=H = SUL(Nf) 
SUR(Nf )=SUA(Nf). The nite volume partition function in the sector of topological
charge  follows by Fourier inversion with respect to vacuum angle . The partition
function for  = 0 is thus given by (10) with the integration over SU(Nf ) replaced by
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an integral over U(Nf ). For an elaborate discussion of this partition function we refer to
[47].
The chiral random matrix partition function with the global symmetries of the QCD
partition function as input is dened by [5, 48]
















and W is a n m matrix with  = jn −mj and N = n + m. As is the case in QCD,
we assume that the equivalent of the topological charge  does not exceed
p
N , so that,
to a good approximation, n = N=2. Then the parameter  can be identied as the
chiral condensate and N as the dimensionless volume of space time (Our units are dened
such that the density of the modes N=V = 1). The matrix elements of W are either real
( = 1, chiral Gaussian Orthogonal Ensemble (chGOE)), complex ( = 2, chiral Gaussian
Unitary Ensemble (chGUE)), or quaternion real ( = 4, chiral Gaussian Symplectic
Ensemble (chGSE)). For QCD with three or more colors and quarks in the fundamental
representation the matrix elements of the Dirac operator are complex and we have  = 2.
It can be shown that in the domain (9) the random matrix partition function can be
mapped onto the nite volume partition function [5]. For more discussion of the chRMT
partition function we refer to [49].
In this paper we study the Dirac spectrum by means of the valence quark mass de-












where h  iQCD denotes an average with respect to the QCD partition function. The
spectral density follows from the discontinuity across the imaginary axis,
Discjmv=i (mv) = lim!0
(i + )− (i− ) = 2
X
k
h(+ k)iQCD = 2h()iQCD:
(14)
















On the other hand, the valence quark mass dependence can be calculated from the par-
tially quenched partition function. By dierentiating with respect to the valence quark














where the superscript C refers to the connected correlation function dened as h(1)(2)iC =
h(1)(2)i−h(1)ih(2)i. The notation h  iPQ denotes averaging with respect to the
partially quenched partition function. The meson elds with quark content corresponding
to a mass M = (mv +mv0)0=F
2 are denoted by vv0 . The expectation value of the prod-
uct of the meson elds can be expressed in terms of the meson propagator in momentum
space. Taking into account the combinatorial factors and performing the integrals over x












We have expressed the two-point correlation function as a sum over momentum modes.
Such relations are well known from the theory of disordered systems (see for example
[33, 31, 32]). The zero momentum modes reproduce the asymptotic limit of the random
matrix result for the two-point correlation function. This can be seen by evaluating the
discontinuities after substitution of the Gell-Mann-Oakes-Renner relation for the meson







which is the well-known random matrix result. The full correlation function can only
be obtained by means of an exact integration over the saddle-point manifold [53]. In
this paper we will not perform this task for the two-point function but instead focus on
the one-point function. Because of the UA(1) symmetry, the microscopic spectral density
already shows a nontrivial structure for eigenvalues close to zero as has been observed in
lattice QCD simulations [7, 8]. The discussion of the two-point function will appear in a
future publication [54].
The valence quark mass dependence of the chiral condensate was calculated in par-
tially quenched chiral perturbation theory by Golterman and Leung [55] by means of a
supersymmetric method introduced by Bernard and Golterman [44, 45]. We use this result
to calculate the spectral density in the perturbative domain. Among others we reproduce
the slope of the spectral density rst derived by Smilga and Stern [56]. If, however, for
virtualities below the Thouless energy, the zero modes are treated exactly, we reproduce
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the random matrix result for the microscopic spectral density. In fact, we show that the
partially quenched supersymmetric partition function can be written as an ordinary nite
volume partition function with two more flavors which are the equivalent of one valence
quark flavor and its supersymmetric partner. In this way we obtain a natural explanation
of a result rst found by Damgaard [57].
The organization of this paper is as follows. Partially quenched chiral perturbation
theory is introduced in section 2. In section 3 we discuss its dierent domains of validity.
The choice of the super-unitary measure is motivated in section 4. In sections 5 and 6 the
partially quenched partition function is studied in the domain where it is dominated by
the zero modes. The valence quark mass dependence in the quenched limit is calculated in
section 5, and, in section 6, we show that the microscopic spectral density that follows from
the valence quark mass dependence of the chiral condensate coincides with the result from
chRMT. In section 7 we calculate the valence quark mass dependence of the condensate by
means on pqChPT. The transition from chRMT to pqChPT is discussed in section 8. In
section 9 we evaluate the spectral density in the diusive domain. Concluding remarks are
made in section 10. An explicit calculation of the spectral density for Nf = 1 is presented
in Appendix A and a short derivation of a Berezinian that occurs in the diagonalization
of super-unitary transformations is given in Appendix B.
2. Partially Quenched Chiral Perturbation Theory
Partially Quenched Chiral Perturbation Theory (pqChPT) is an eective theory de-
scribing partially quenched QCD at low energies [45, 59]. This is a theory with both sea
quarks, appearing in the fermion determinant, and valence quarks which only appear in
the operators. Partially quenched chiral perturbation theory interpolates between stan-
dard (unquenched) Chiral Perturbation Theory (ChPT) [58] and completely quenched
Chiral Perturbation Theory (qChPT) [60, 61]. In this section we give a brief overview of
partially quenched chiral perturbation theory in the formulation of Bernard and Golter-
man. For more details we refer to the original literature [45].
We consider a QCD-like theory with one valence quark and its supersymmetric partner,
both with mass mv, and Nf unquenched quarks (sea quarks) with mass ms. Then the
fermion determinant corresponding to the valence quark is cancelled by the contribution
from a bosonic ghost quark with the same mass [44]. The full chiral symmetry of the
theory is thus the direct product of the super-groups (also called graded groups)
G = UL(Nf + 1j1)⊗ UR(Nf + 1j1);
where one of the U(1) groups is broken by the anomaly. The partially quenched QCD
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Lagrangian at a given order in the momentum can be approximated by an eective La-
grangian for the eld U 2 SU(Nf + 1j1) U(1) which transforms linearly under the chiral












and F is the pion decay constant. Here,  is the (Nf +1)(Nf +1) matrix containing the
ordinary mesons made of quarks and antiquarks, ~ is the meson with two ghost quarks,
and , which is a vector of length Nf + 1, represents the fermionic mesons consisting
of a ghost-quark and an ordinary anti-quark. We choose a diagonal mass matrix with
degenerate sea quark masses resulting in the (Nf + 2) (Nf + 2) quark-mass matrix
M^ = diag(mv;ms; : : : ;ms| {z }
Nf
;mv): (21)
The corresponding pion masses will be denoted by M2ij = (mi +mj)0=F
2, for i; j = s; v.
Expanding the Euclidean eective Lagrangian in terms of the momenta and the quark















where we have added a mass term and a kinetic term for the super-0 flavor-singlet eld
0 = Str() with parameters m
2
0 and  (for the denition of the super-trace, Str, (also
called graded trace) we refer to [62]). In the next section we will show that the term
containing  is sub-leading in the chiral expansion. The quark condensate in the chiral






and will be studied for dierent ranges of the quark masses.
A physical interpretation of the zero momentum component of the flavor singlet mass


















is the familiar topological susceptibility. For the denition of the super-determinant,
Sdet, (also called graded determinant) we refer to [62]. This result allows us to interpret
m20 as topological contribution to the singlet mass. The partition function with zero
total topological charge is obtained by multiplying the Goldstone elds with the UA(1)
phase and extending the integration manifold to include this contribution (see [47]). In
the zero momentum sector, the partition function for  = 0 is thus given by (23) and
the Lagrangian (22) without the topological mass term m20
2
0=6 but with the integration
domain extended to U(Nf + 1j1). This partition function will be discussed in sections 5
and 6. Notice, that the microscopic spectral density depends on the global topological
charge. On the other hand, the spectral density on a macroscopic distance from zero is
not sensitive to the global topological charge.
3. Domains of validity
For standard chiral perturbation theory the dierent domains of its validity were dis-
cussed in detail by Gasser and Leutwyler [46]. Since the discussion for partially quenched
chiral perturbation theory is quite analogous we refer to this paper for additional argu-
ments.
With the basic scale given by   1=L  QCD, we consider ve dierent mass
scales: the smallest eigenvalue of the Dirac operator min  4, the valence quark mass
mv  , the sea quark mass ms   , the pion momenta p  1=L   and the 0 mass
m0  QCD  1.
The integral over U in (23) can be split into an integral over the zero momentum
modes, U0, and the nonzero momentum modes, (x), i.e.
U = U0e
i(x): (26)
The two dierent types of modes are mixed by the mass terms and by the singlet in-






























The nonzero mode elds are O() whereas the zero mode elds are O((4−)=2). The term
that mixes both types of modes is of order 2 independent of the value of  (for 1   < 4).
This implies that the mixing term is always subleading. Since the fluctuations of the
singlet eld are of O(2), the kinetic term of the singlet eld is subleading as well.
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Since the mass term of the nonzero modes is of order −2 the integral over the nonzero
modes does not contribute to the mass dependence of the partition function for  > 2.
Therefore, for  < 2 (or m < 1=QCDL
2) the mass dependence is completely determined
by the zero modes. The crossover-point can be determined more accurately by considering
mass-dependence of the propagator of the nonzero modes. We will return to this point in
section 8.
In the chiral limit, ms ! 0, the integrals over the zero momentum modes become
perturbative for mv  min, whereas for mv  1=QCDL2 the mass dependence of the
partition function is completely determined by the zero momentum modes. In the domain
min  mv  1=QCDL
2 (28)
the valence quark mass dependence of the chiral condensate can thus be determined both
from the integral over the zero momentum modes and from a perturbative calculation. In
section 8 it will be shown that this consistency condition is satised.
Actually, because of the mixing by the singlet mass term, the above discussion has to
be rened by considering modes that are eigenvectors of the mass matrix. This is essential
for the quenched limit. In this case the relevant mesonic mass matrix in a quark basis is


















0=3). The zero momentum mode corresponding to the second eigenvalue
only becomes perturbative for mv  2, where also the nonzero modes contribute to the
mass dependence. We conclude that in the quenched case there is no common domain of
validity.





























In the chiral limit (Mss ! 0) the eigenvalues up to order M4vv are given by 1 = m
2
0 +








3 −M4vv=3. In this case, the zero
momentum modes corresponding to the smallest eigenvalue become perturbative for mv 
min and a common domain of validity can be identied. For Nf massless sea quark flavors,
Nf − 1 eigenvalues are zero in the diagonal basis. However, mesons with two sea quarks
do not enter in the one-loop calculation of the valence quark mass dependence of the
chiral condensate. The smallest non-zero eigenvalue in the valence sector is again of order
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M2vv. Therefore, as for one flavor, a common domain of validity can be found. Of course,
if also the sea quark masses are in the range (28) a common domain of validity for the
dependence of the chiral condensate on the sea quark masses can be found as well.
4. Choice of measure
For the group integration in (23), we have two dierent possible choices for the super-
unitary integration measure: a compact one which was used in [60, 45], and a non-compact
one which was introduced in [53, 63, 17] in the context of chiral Random Matrix Theory.
It was argued in [17] that a non-compact measure reproduces the invariance of the bosonic
degrees of freedom under non-compact UA(1) transformations and therefore should be the
appropriate measure for the quenched theory. We stress that for perturbative calculations,
as in [60, 45], both measures lead to the correct result.
For the purely quenched theory both measures can be written down easily. The com-






U = U 0U 0−1; (32)
with  a diagonal matrix with eigenvalues exp(i) and exp(i).
The non-compact measure is obtained by analytical continuation to imaginary angle
 ! −is with s 2 (−1;1). This results in the measure
DU =
dsd
(es − ei)(e−s − e−i)
DU 0: (33)
We will show that the partition function with the non-compact measure reproduces
the valence quark mass dependence of chiral random matrix theory. However, it can be
shown that the integration contours contributing to the discontinuity of the valence quark
mass dependence of the chiral condensate across the imaginary axis can be deformed such
that only an integral over a compact domain remains [53, 63, 17]. In terms of the partition
function this corresponds to replacing the non-compact measure by a compact one.
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5. Valence quark mass dependence of the chiral condensate in the quenched
limit
As argued at the end of section 2, the partially quenched partition function in the
sector of zero topological charge is obtained by extending the integration over U in (23)
to U(Nf + 1j1) and ignoring the singlet channel mass term in (22). In the quenched
limit the integration is thus over U(1j1). With the measure (33) the sector of the zero























The integral over U can be performed by means of the supersymmetric version of the
Itzykson-Zuber integral [64, 65, 66]. After dierentiation with respect to J the result for






cos  − cosh s
(es − ei)(e−s − e−i)
ex(cos −cosh s); (35)
where we have introduced the notation x = mV0. This integral can be evaluated most





dds(1− e−i−s)(1− ei+s)ex(cos −cosh s); (36)
where the integrand has been simplied by means of the identity






The integrals appearing in (36) factorize and can be expressed in terms of the modied
Bessel functions K0 and I0,
@x(x) = 0(I0(x)K0(x)− I1(x)K1(x)): (38)
The r.h.s. of this equation can be rewritten as @x(xI0(x)K0(x) + xI1(x)K1(x)). This
equation can be integrated trivially with an integration constant that follows from the
asymptotic limit (x)! 0 for x!1. The nal result is
(x) = 0x(I0(x)K0(x) + I1(x)K1(x)); (39)
which agrees with the valence quark mass dependence obtained from chiral Random Ma-
trix Theory [51]. In its domain of validity, this result reproduces the valence quark mass
dependence found in lattice QCD [51, 50].
12
6. Microscopic Spectral Density in the ergodic domain
In this section we consider the zero momentum component of the partially quenched
partition function for zero total topological charge.
In [53, 63, 17] it was shown that the non-compact integral contributing to the imaginary
part of the chRMT partition function can be rewritten as an integral over [0; 2]. The
spectral density can then be derived from a compactied partition function. By a direct















where ZC(J) is the compactied partition function. In a diagonal representation of the








Here, jB()j2 is the Berezinian for the transformation to eigenvalues and eigenvectors as




















where the bosonic and fermionic eigenvalues of U are denoted by bk and 
f
k, respectively.
In our case we have Nf + 1 fermionic eigenvalues and one bosonic eigenvalue. The mass-
matrix M is diagonal with matrix elements (mv+J;ms;    ;ms;mv−J). In the quenched
case we use the supersymmetric normalization with Z(0) = 1 whereas in the partially
quenched case Z(0) = ZeffNf (see eq. (10)). Here, and below the constants multiplying
the partition function are absorbed in the integration measure. The integration over
U 2 U(Nf +1j1) can be performed by means of a supersymmetric version of the Itzykson-








−MNf+1 cos Nf+1 det
0k;lNf
eMkV0 cos l: (43)
For J = 0, the Grassmannian components of the integration paths lead to additional con-
tributions. These so called Efetov-Wegner [67, 68] terms only enter in the normalization
of the partition function (see [69, 63, 30, 70] for more discussion of this point).
We evaluate this integral in the chiral limit, ms ! 0, for xed value of the valence
quark mass. In this limit the ratio of the determinant and the Berezinian B(MkV0) is
nite. In Appendix A, we evaluate the integral for Nf = 1 and indicate how it can be
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calculated for arbitrary Nf . In the remainder of this section we show that this generating
function can be expressed as an ordinary nite volume partition function (see (10)) with
Nf + 2 flavors.


















with 0 = (mv + J)V 0, Nf+1 = (mv − J)V 0 and k = msV 0; k = 1;   Nf . For
equal sea quark masses the ratio of the last factor and
Q
k<l(k−l) has to be understood
as a limit. The normalization factor that enters in the partition function is denoted by
N . The function !(; ) dened by
!(; ) =
jei − eij2
cos  − cos
; (45)





cos  − cos
jei − e−ij2
: (46)
This allows us to bring all factors !(k; l) into the numerator. Slightly rearranging the
dierent factors and changing the sign of Nf+1 we can write the partition function in the
more symmetric form



















where the diagonal mass matrix ~M is dened by ~M = (mv + J;ms;    ;ms;−mv + J). In
this integral we recognize the factors that occur in the ordinary Itzykson-Zuber integral.
It can thus be rewritten as


















where the U-integral is over U(Nf + 2). Up to a constant factor this is exactly the nite
volume partition function for Nf +2 flavors. In the microscopic limit with quark masses of
order  1=V , this partition function is equivalent to the random matrix partition function
with Nf + 2 flavors. For masses in the microscopic domain we thus have












RMT is the chRMT partition function as dened in (11) for Nf + 2 flavors, zero
topological charge and  = 2. Since the RMT partition function is even in all masses (49)
can be rewritten as








RMT (mv + J;m1; :::;mNf ;mv − J): (50)
If we notice that 20− 
2
Nf+1
= 2mv0V J +O(J
2), the spectral density is easily obtained
from (40) by dierentiating with respect to J and setting mv = i. After taking the











RMT (iu; 1;    ; Nf ; iu)
Z
Nf
RMT (1;    ; Nf )
; (51)
where u = V0. The denominator arises from the normalization Z(0) of the partially
quenched partition function. The overall normalization is such that () ! 0= for
 ! 1. This result coincides with the expression rst derived by Damgaard [57]. Our
derivation provides a natural explanation of their result. The two extra flavors are a
valence quark and its supersymmetric partner. Remarkably, in the context of chRMT,
the spectral density for  not close to zero can still be expressed as the ratio of the same
two partition functions. It was shown in [57] that (51) can be reduced to the analytical
expression for the microscopic spectral density of chRMT which, in the case of zero quark




(J2Nf (u)− JNf+1(u)JNf−1(u)): (52)
We have thus shown that the microscopic spectral density of chRMT can be derived from
the partition function of partially quenched chiral perturbation theory.
7. Valence Quark Mass Dependence of the Chiral Condensate in Partially
Quenched Chiral Perturbation Theory
From a computational point of view, qChPT and pqChPT are not very dierent. For
example, it is much easier to use the quark basis [45, 59, 60, 61] with mesons qiqj and
corresponding masses M2ij = 0(mi + mj)=F
2 (to lowest order), i; j = s; v. To lowest
order, the bilinear quadratic form in the meson elds is diagonal in the o-diagonal
mesons elds with quark content qiqj (with i 6= j). It is therefore trivial to write down
the propagator for these mesons. However, there are non-trivial interactions between the
diagonal mesons. Nevertheless it is still possible, as shown by Bernard and Golterman
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where y = m20=3M
2
ss [55].
The quenched limit is obtained in the limit of innite sea quark masses at xed values
of the valence quark mass and m0. On the other hand, standard ChPT can be recovered
in two ways. First, in the sector of the mesons with two sea quarks, in the limit where
the sea quark masses are much less than the valence quark mass and the super-0 particle.
In that limit the super-0 and mesons containing at least one valence quark mass can be
integrated out of the eective partition and standard chiral perturbation theory with Nf











which is just the standard propagator in a quark basis with the singlet channel projected
out. Second, we consider the limit in which the valence quark masses and the sea quark
masses are equal and both are much less than the super-0 mass. Then, the super-0 mass
decouples from the theory and, to one-loop order, the contribution from mesons containing
valence quarks is cancelled by the superpartners. We again recover chiral perturbation
theory for Nf flavors in both the valence quark sector and the sea quark sector.
In this work, we are mainly interested in the nonanalytic terms in the quark masses
contributing to the chiral condensate at one-loop level. We will ignore the corrections
coming from the O(p4) eective Lagrangian and its unknown eective coupling constants.
We will consider the limit where the valence quark mass and the sea quark masses are
much less than the 0 mass. Therefore, contributions from 0 loops proportional to logM
2
0
will be ignored as well [55].
The thermodynamic limit of the valence quark mass dependence was already calculated
by Golterman and Leung [55]. Here, we consider the generalization of their result to nite
volume. The volume dependence of the chiral condensate in standard chiral perturbation
theory has already received a great deal of attention in the literature [58, 72]. We refer to
these works for technical details. In order to obtain the volume dependence of the quark











where the sum is over the momenta in the box. In the thermodynamic limit the sum can








where  is the cuto.
The generalization of the one-loop result for the valence quark mass dependence of


































2 +M2)2. We study the valence quark mass de-
pendence of v for several special cases. The rst limit of interest is the case that both
the valence quark mass and the sea quark masses are much less than the 0 mass. This



























N2f (mv +ms) log
mv +ms
2





where  = 2F 2=20. Three special cases of this result are to be mentioned. For ms = mv
we recover the one-loop result for standard chiral perturbation theory. Notice that the
valence quark mass occurs in the operator.
For valence quark masses in the range ms  mv  m0 the valence quark mass













Below we will show that this result leads to the expression for the slope of the spectral
density derived in [56].
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The expectation is that on this scale for the valence quark mass the result for v should
reduce to the quenched result.
Let us consider the quenched limit of (58). This limit amounts to taking the sea quark
mesons much heavier than the 0 mass, i.e. the limit y ! 0 while M2ssy = m
2
0=3. In this
































for V !1; (64)
where, in the second line, we have only quoted the infrared singular terms. For a valence
quark masses much less than m0, the term proportional to  can be ignored.
Let us return to (62). We observe that it corresponds to the quenched result provided
that m20 = 3M
2
ss=Nf . Indeed, for the low-momentum modes we expect that, according to
the Witten-Veneziano formula, the topological contribution to the 0 mass is determined
by the global topological susceptibility. As dictated by the chiral Ward identity, this
quantity is suppressed by the screening of topological charge due to light sea quarks and





If we combine this result with the relation between m0 and h2i given in (25) we recover
the previously mentioned condition.
8. From pqChPT to chRMT
Let us study the valence quark mass dependence of v in the chiral limit of the sea
quark masses in the domain




As has been argued in section 3, in this domain both the random matrix expressions
(which follow from the zero momentum component of the partition function (23)) and
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the pqChPT results (58) are valid. For mv in the range (66) the propagator (M
2
vv) is















In chRMT the valence quark mass dependence can be obtained by an elementary
integration over the microscopic spectral density (52). The result is given by [51]
RMT (x)
0
= x(INf+(x)KNf+(x) + INf++1(x)KNf+−1(x)): (69)







(Nf +  +
1
2









For x! 0 this result coincides with the result of standard ChPT (see [49]). In the chiral








which coincides with the result for chiral perturbation theory in this domain.
In the intermediate region where MvvL  1, pqChPT is still meaningful as a pertur-
bation theory. The nite volume eects are embedded in the pion propagator. For the






























and the sum is over a four dimensional lattice of integers. For 1=QCDL
2  M  1=L
























where 1 = 0:140461 and 2 = −0:020305 are shape coecients of a 4-dimensional cubic
box [72]. Let us consider the chiral limit ms ! 0. Then, in the intermediate range, the
asymptotic result (68) is reproduced up to corrections that vanish in the thermodynamic
limit. For ML  1 the expansion (76) breaks down and the functions gr have to be
evaluated numerically.
Fig. 1. The valence quark mass dependence of the chiral condensate v=0 as
a function of the valence quark mass in MeV for two (left) and three (right)
massless flavors.
In Fig. 1 we show the ratio v=0 as a function of the valence quark mass in MeV for
two (left) and three (right) massless flavors for a box of size (40 fm)4. The dashed curves
represent the general expression for the valence quark mass dependence given in (59) in
the limit ms ! 0 and (M2) and @M2(M
2) given by (73) with the exact numerical
result for the functions gr. If the numerical results for the gr are replaced by the leading
term of the small mass expansion (76) we obtain the dotted curves (which lie almost
exactly underneath the pqChPT and the chRMT curves). The random matrix result
for the valence quark masses (69) for Nf = 2 or Nf = 3 and  = 0 is given by the solid
curves. The results in this gure have been calculated for  = 770MeV , F = 93MeV and
=F 2 = 1660MeV . For these values the Thouless energy is Ec  F 2=L2  0:015MeV .
We observe a region where the random matrix results and the pqChPT results are in
agreement. The size of this region is consistent with the range (28). For Nf = 2 this
region appears larger than for Nf = 3 because the leading correction vanishes in the
thermodynamic limit for Nf = 2. Because of the large box size, the 1=L
2 terms for
mv  1=QCDL2, at the point where the nonzero momentum modes become important,
are almost invisible in this gure.
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Fig. 2. The valence quark mass dependence of the ratio R =
(RMT − 0)=(v − 0) for two and three massless flavors.
In order to study the point where the nonzero momentum modes become important





According to (68) and (70) this ratio is close to 1 in the range (66). In Fig. 2 we plot this
ratio as a function of the valence quark mass mv for a box size of (40 fm)
4 and Nf = 2
(left) or Nf = 3 (right). At intermediate masses we indeed observe a plateau where
chRMT and pqChPT are in agreement. Notice that for mv  1=2QCDL
3 the deviation of
this ratio from 1 is already of order 1=L. Indeed, for larger volumes we have observed a
more pronounced plateau. The Thouless energies can be read o from these pictures. For
Nf = 2 and Nf = 3, we nd values of around 0.01-0.02 MeV which is in good agreement
with the estimate Ec = F
2=L2.
9. Spectral Density in the Diusive Domain
As already has been remarked in section 1, the spectral density is obtained from the
discontinuity of the valence quark mass dependence along the imaginary axis. First, notice
that the quark mass always occurs in the renormalization group invariant combination
mhqqi with the sign of hqqi opposite to the sign of m. This combination can be rewritten
as jmj. For similar reasons, 0 in the expressions for the valence quark mass dependence








(− x2 + i) −
q
(− x2 − i))=ix = 2 we thus conclude that
the discontinuity of the rst term in (60) is equal to 2. According to (14) this results in a
contribution to the spectral density of 0= which is in agreement with the Banks-Casher
formula (1). The discontinuities that enter in the calculation of the spectral density from













= log(m2S + x
2); (79)




Discjmv=ix log jmvj = i: (81)
The spectral density can be calculated from the one-loop result for the valence quark mass

































which was rst obtained by Smilga and Stern [56].
Our expression for the spectral density can be used to evaluate the connected contri-




with Sa = qtaq and ta is one of the generators of the flavor SU(Nf) group in the normal-
ization Tr(tatb) = ab=2. This correlator can be expressed in terms of the spectral density
by [56]









where dabc are the symmetric structure constants of SU(Nf ). By substitution of the










which is in complete agreement with the result obtained by Smilga and Stern using stan-
dard ChPT [56]. Notice that both terms of order O(m0s) and of O(m
1
s) in (82) contribute
to this result. The existence of contributions of this type was already pointed out in [56],
but partially quenched chiral perturbation theory enabled us to actually calculate them.
The spectral density in the quenched case can be obtained in exactly the same way by
calculating the discontinuities of the valence quark mass dependence across the imaginary

















A logarithmic divergence of the spectral density in the quenched limit has indeed been
observed in quenched instanton liquid simulations [43]. This result allows us to interpret
the coecient of log jj of the limit   ms of (82) in terms of the screened topological
charge (65).
10. Conclusions
We have studied the spectral density of the QCD Dirac operator by means of the
valence quark mass dependence of the chiral condensate in partially quenched Chiral Per-
turbation Theory (pqChPT). This is the extension of standard ChPT with an additional
valence quark whose mass is required to probe the Dirac spectrum. We have considered
two dierent domains of applicability: the ergodic domain with mv  F 2=L20 and the
diusive domain with F 2=L20  mv  QCD. The energy scale F 2=L20 is the equiv-
alent of the Thouless energy in mesoscopic physics. In the ergodic domain the partition
function is dominated by the zero momentum modes and can be reduced to chiral Random
Matrix Theory (chRMT). In particular, we have shown this for the microscopic spectral
density, the valence quark mass dependence of the chiral condensate and the asymptotic
tail of the two-point spectral correlation function. We have found that a non-compact
super-unitary measure is required to directly reproduce the correct valence quark mass
dependence. These results suggest that the zero momentum component of the pqChPT
partition function can be derived from the chRMT partition function.
The diusive regime is the realm of Chiral Perturbation Theory. We have reproduced
the Smilga-Stern expression for the slope of the spectral density of the QCD Dirac operator
and have calculated its rst order correction in the quark mass. We have shown that these
results are consistent with standard ChPT. For nonzero sea quark masses the spectral
density diverges logarithmically with a coecient that is proportional to the screened
topological susceptibility.
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We have studied the transition from chRMT to pqChPT in the domain where both are
applicable and have found that both theories give the same valence quark mass dependence
of the chiral condensate in this domain. The Thouless energy can thus be derived from
the nite volume scalar propagator.
If pqChPT provides an accurate description of the QCD partition function we have
shown that up to the Thouless energy the Dirac spectrum can be described by chRMT.
Agreement with lattice QCD simulations suggests that this is indeed the case.
Other scenarios are possible. For example, the proof of the Vafa-Witten theorem [74] is
violated for imaginary quark masses. Therefore, breaking of "isospin" symmetry between
the sea quark sector and the valence quark sector cannot be excluded. Related to this is
the possibility that the pion decay constant is dierent for the sea quark channels and the
valence quark channels which might restrict the domain of validity of chRMT. However,
universality arguments suggest that such scenarios are unlikely. Ultimately, these and
other dynamical questions have to be answered by means of lattice QCD simulations.
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Appendix A. Calculation of the microscopic spectral density for Nf = 1
In this appendix we calculate the integrals in the calculation of the microscopic spectral
density from (43). We explicitly work out the integrals for Nf = 1 and indicate how they
can be performed for arbitrary Nf . For Nf = 1 the dierent factors contributing to the
integral are given by
B() =
(ei0 − ei1)
(ei0 − ei2)(ei1 − ei2)
; (88)
B(cos ) =
(cos 0 − cos 1)










In the chiral limit ms ! 0, the determinant can be written as
det eMkV0 cos l = emvV 0 cos 0 − emvV 0 cos 1: (91)












jei0 − ei1 j2(cos 0 − cos 2)(cos 1 − cos 2)
jei0 − ei2 j2jei1 − ei2 j2(cos 0 − cos 1)
emvV 0(cos 0−cos 2);
(92)
where we have used the anti-symmetry of the measure in 0 and 1.




jei0 − ei1 j2(cos 1 − cos 2)
(cos 0 − cos 1)jei1 − ei2 j2
: (93)





(e−i0 − e−i1)(1− e−i1e−i2)
(1− e−i0e−i1)(e−i1 − e−i2)
: (94)
To evaluate the integral we add opposite innitesimal imaginary increments to 0 and 2
and take the limit after the integration. For deniteness, let us add a negative imaginary
increment to 0. Then we can expand the appropriate terms in a geometric series. We
observe that 1 only occurs as positive powers of exp(−i1), and only the constant term
contributes. The result for the integral is thus
I1 = −2e
i0−i2 : (95)
For the opposite choice of the imaginary increment we obtain the complex conjugate











i0−i2 (cos 0 − cos 2)
jei0 − ei2 j2
ex(cos 0−cos 2); (96)
where x = mvV 0. Notice that only the real part of I1 contributes to the integral over
2 and 0. It is simplest to evaluate this integral by rst dierentiating it with respect to














1 (−ix)− xJ0(−ix)J2(−ix)): (97)
25
This equation can be integrated trivially with an integration constant that is determined
by the asymptotic limit for the spectral density. The result for the microscopic spectral
density is obtained by putting mv = i and taking the microscopic limit according to (4)




(J21 (u)− J0(u)J2(u)); (98)
in complete agreement with the chRMT result for Nf = 1.
For an arbitrary number of flavors Nf , we systematically use the symmetries of the
integrand. First, the determinant det0k;lNf [exp(mk cos l)] appearing in (43) and the
Berezinian B(cos i) are both antisymmetric in i $ j , for i 6= j and i; j = 0;    ; Nf .





cos 0 − cos Nf+1
jei0 − eiNf+1j2
e
x(cos 0−cos Nf+1)Nf (Nf+1; 0); (99)
where




ik)j2 !(Nf+1; k) !(−0; k): (100)
and !(; ) is dened by
!(; ) =
cos  − cos
jei − eij2
: (101)
Considering again @x(x) and using the fact that j(eik)j2 is the sum of 1 plus terms
exp(i
P
k nkk) with nk nite and
P
k nk = 0 [47], we can show that the only term in
Nf (Nf+1; 0) contributing to the integral is proportional to exp[iNf(0−Nf+1)]. Notice,
that the term proportional to sin[Nf(Nf+1 − 0)] does not contribute to the integral.
To obtain the nal result for the microscopic spectral density we again use the symme-
try properties of the integrand with respect to the exchange and translations of the k
variables.
Appendix B
In this appendix we calculate the Berezinian corresponding to the diagonalization of
a super-unitary matrix. The calculation is analogous to the case of a super-Hermitean
matrix [64, 65]. We can decompose the super-unitary matrix U into its eigenvalues  and
another super-unitary matrix V by U = V V y. Since U is super-unitary its eigenvalues
are just phases, i.e.  = diag(eik). The relevant length element is












Since we are only interested in the  dependence of the Berezinian we can use the













where (i) = 1(−1) if the i corresponds to a fermion (boson). If we write this in the
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